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Definitions
S P A e MMS

Basic Definitions

o Let X be an alphabet of fixed size 0. ¥* the set of all (finite)
strings over X.
@ For the string w = u;j - - - uy, we call |u| := m its length,
up -+ - u; a prefix, uj---uy,, a suffix, and uy, - - - u; a substring.
@ d:o x o — {0,1} be an error function and let
d:o* x 0 — N be its extension to strings, such that

~

o) il # o,

00
Elill d(ui,v;) , otherwise.
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Definitions

Examples of Error Functions

@ Hamming Distance.

1 ,ifz#y,
d(z,y) =
() 0 , otherwise.

@ Number of don't-cares. Let ¢ € ¥ be a special don’t-care
symbol.

1

Jifr=cory=c,
0 , otherwise.
@ Hamming Distance with don't-cares.

d(x7 y) -

1

, if z # y and neither x = ¢ nor y = c,
d(z,y) =

0 , otherwise.
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Definitions
S P A e MMS

Examples of Error Functions (2)

@ Arithmetic Distance. Let ¥ = [0,...,0 — 1] be ordered and
let i < (0 —1)/2 be a constant. Define

a(x,y) = max(z,y) — min(z,y).

i) 1, if min(a(z,y),0 — a(z,y)) > 1,
x, = .
Y 0 , otherwise.

For example, let 3 be the discretization of all angles, i.e.
¥ ={[0,57),...,[Enr,2m)}, then d(z,y) measures whether
two angles are not too far apart.
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Definitions

Problem Definition

For a given alphabet, a given error function d, and a given
threshold D, we define the following two-phase-problem

Input: @ A database of strings

S={xW . XM} c ¥ (initial phase).

@ One (or more) query strings P € ¥* of length m
(query phase).

Output: @ Some data structure DS for the string database.

@ Using DS, search for each P. This may answer
one of the one of the query types: Occurrence,
Longest Prefix, Count, All Prefixes.
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Definitions

Query Types

© Occurrence: Answer YES, if there exists a prefix X 0)[1, m]
of X e § with d(XW[1,m], P) < D, and NO otherwise.
@ Longest Prefix: Answer j, [, if the prefix X(7)[1,1] of
X0 e S satisfies with d(XU)[1,1], P[1,1]) < D and there is
no ¢ with a longer matching prefix
d(XD[1,1+1],P[1,1+1]) < D.

© Count: Answer k = H] | d(XD[1,m], P) < DH.

Q AIll Prefixes: Answer with the set of all (maximal) matches

{(j, L) [d(XD[L1), P[L1) < D and d(X[7),, P1) > o} .
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Algorithms

Overview

m

@ Average-Case behavior of “Linear Search” (LS), which simply
compares each query pattern with every database strings.

@ Average-Case behavior of “Trie Search” (TS), which builds a
trie from all database strings and uses the trie to speed up the
pattern search.

@ Asymptotically, the worst case for both algorithms for both
algorithms is the same.

@ There is a threshold in the number of errors, where TS has
the same asymptotic running time.
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Algorithms
S P A e MMS

LS Algorithm

Input: Strings X1,..., X, and pattern
P, bound D. 2‘ ‘
for i from 1 to n do

ji=1

c:=0

1 := min{length(P), length(X;)}

while ¢ < D do

while j < I and d(P[j], X;[j]) =0 P

1

d(P.Xi[i)

do

ji=7+1 Xi i iii i
c:=c+1
j=j+1

if j —2 =1 then
report match for X;
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Algorithms
TS Algorithm : rfind(v, P, pos, D)
if D > 0 then
if v is a leaf then
report match for X,aiue(o)

else if pos > length(P) then

for all leaves u in the subtree of v
do

report match for X ,jue(u)
else

for each child u of v do

let ¢ be the edge label of (u,v)
if d(P[pos],c) =0 then
rfind(u, P, pos + 1, D)

e
find(u, Ppos + 1,D—1) /4N K
Started with rfind(root, P, 0, D)

d(p.s)=1] d(p.s)=0]
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Probabilistic Model

Probabilistic Model

@ All strings are generated at random by a memoryless source.

@ For the a random string u = uy - - - u,, and alphabet
Y ={s1,...,50}

1
Pr {’LLj = Si} = ;

@ We assume that all strings are infinite.

@ Random variables for the number of character comparisons

o LD for the LS algorithm and
o TP for the TS algorithm.
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Probabilistic Model

Error Probability

The error probability of two random characters under the error
function d is given by

_ =1 2251 d(si; 55)

= 5 .

o
We define ¢ := 1 — p.

o Hamming distance: p=1-1,¢g=1

@ Number of don't-cares: p = 2‘;;1, qg=1-— 2(;;

o Hamming distance with don't cares: p =1 — 3232, ¢ = 3932

o? o2
o Arithmetic distance: p =1 — 2L g = Zitl
g g

1
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Probabilistic Model

Expected Results

@ The expected depth of a trie is log, n (Pittel 1986,
Szpankowski 1988).

@ There are at most n nodes with depth below log  n in the trie.

@ We expect a speed up of TS over LS when the expected
number of comparisons for each string is smaller than log, n.

Fill-Up Level

]
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LS Algorithm

Average Complexity of the LS algorithm

D+1
B[Lp) = 22D
p
We can even prove convergence:
Lp 1
lim ——"— = — .
6o n(D+1) p (Pr)
b 1

lim ——"— = — s
oo, @)
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TS Algorithm

Average Complexity of the TS algorithm

(0 (log n)D+1) , for D=0(1) and g =o!

@) é(logg n)P nlogs q+1> , for D=0O(1) and ¢ > o~}

E[T,’?]: 0 (1), for D=0(1) and g < o~}
o(n), for D +1 < plog,n
Q2 (nlog, n), for D +1 > plog, n.
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Exact Average Complexity of the TS algorithm
For Hamming Distance we have
oo — 1)D D+1 D
E[T7] = W(bgan) T +o ((10gn) ) :
otherwise we have
(1- Q)D D
E [T,7] = Digh+T (log, n)" n'*%= 1*1C(q, 0, n)
+0 ((log n)D—l nloga q+1) ,
where C(q,0,n) =Y cpn™ 2lnchI‘( log, ¢ — 1+ %) =0 (1) is
a small, bounded fluctuating function.
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Applications

For a D = O(1) error search with an alphabet of size 4 we get
@ Hamming Distance with p = %, q= }1:
4-3P D+1 D

@ Number of don't-cares with p = %, q

ale

0 ((ln n)D nloss 1%4‘1) -0 <(lnn)D n0‘59)

@ Hamming Distance with don’t-cares with p = %, q

0 <(ln n)P nloss %+1) -0 ((ln n)P n0.66>

ool
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Applications

For the arithmetic distance the case D = 0 for various 7 is
interesting. Let 0 =24, thenp=1— 2’221, = 2’221. In general

0 (nlog24 %—1—1) -0 <n10g24 (2i+1)> )

For
o i =1 weget O (n"3),
o i =2 we get O (n’)
o i =3 we get O (n0)
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Applications

Hamming Distance in ¥ = {A,C,G, T, N} with don't care symbol N

hasp—25,q:§:

D
25 (%) D _logs 12 13 D-1_ log; i3
3 Dl (logsn)” n8 5 C %5 5n |+0 ((logn) n 8 s )
(0 4)D D )D-1
~ 19227 (logy n)” n® (3.675 + 0.005)+0 ((logn)P 1 n®5)

Plots of C' (%g, 5,n):..

3,679

3,67 3,674

3,677 3,679

v

10 100 1000 10000 1000 5000 10000 2E4
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Average Complexity of the LS algorithm
The probability of k£ comparisons is
“ i —1
D _ 1\ _ J = D41, i;—D—1
PriLy =k}= 3 H(D>p VR
i1+...Fin=k j=1
From it we can derive the probability generating function
b = D k pz uD+1)
gLE(z)zE[z "}—ZPr{ank}z —(1_(12) ,
k=0
which yields the expected value E [LY] = %n.

m Moritz G. MaaB:

Average-Case Analysis of Approximate Trie Search

BY



Outline

Introduction
o]

Related Work
o]

Main Results Basic Analysis Asymptotic Analysis Summary
00000 [e] o] 0000000000 o]
000 [e]e] @®00000
000 000
TS Algorithm

Average Complexity of the TS algorithm

@ Count the number of nodes visited by the search process
(=number of comparisons+1).

@ The expected number of nodes is computed recursively,
summing over all subtrees and distributions of strings.
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Average Complexity of the TS algorithm
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TS Algorithm

Average Complexity of the TS algorithm (2)

e Boundary conditions: E [T, !] =1 (last mismatch) and
E [T] = 0 (no strings).
@ Recursion:

g g
n _ _
> ( -)a " YopE [+ Y ae [T
. A\l 0 — J —
i1+ Fio=n j=1 Jj=1

° FornzlwehaveE[TlD]zl—k%.
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TS Algorithm

Average Complexity of the TS algorithm (3)

Compute the EGF t”(z), multiply by e~*, define
tP(z) = tP(2)e*, compare coefficients and find that for n > 1
D (_l)n—l O.l—n

_ b b1
In =12 ol-ng + 1— 01—"qy" ’

with Boundary condition y,! = (—=1)""! for n > 0 and
yP =1+ (D+1)/p, y(])j =0. We get

yD _ (71)710.1—77, ( O.l—np >D+1 (_1)n

1—ogl-n —ogl-n B 1_0-1—n'

m Moritz G. MaaB:

Average-Case Analysis of Approximate Trie Search

BY



Outline

Introduction
o]

Related Work

Main Results Basic Analysis Asymptotic Analysis Summary
00000 o] [e] o] 0000000000 o]
000 [e]e] 0000e0
000 000
TS Algorithm

Average Complexity of the TS algorithm (4)
We translate back to

D+1
E[TP] = (1+T+>
N ( 1 pUlik D+1
+Z k) ok-1_1 1_qgl—k

s,&D)
k)1 —ol-k
5:22
An
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TS Algorithm

Average Compression Number

A similar derivation to the above shows that the sum A4,, is the
solution to

o
n _
An:n—l-l- E ( )U ’I‘LE Aija
it =n 11y+-+5% =

which we call the average “compression number”
Lemma

The asymptotic behavior of A, is

A, = nlog, n+

2mik
1 1— n" e _1_|_27rzk
w2 hwv N 2kez\ {0} - ( o) o).
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Rice's Formula

Let f(z) be an analytic continuation of f(k) = fj that contains
the half line [m, c0). Then

n

SV ()= G [

= —(z—n)

where C is a positively oriented curve that encircles [m,n| and
does not include any of the integers 0,1,...,m — 1 or other
singularities of f(z).

(= Norlund 1924)
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We apply Rice's formula, let C grow to a large half-circle and find

for1 <&<2
D= P B(n+1,2)d
S, 2 /_é_wo o-l-z _q (g—l—z — q) (n+ ,Z) Z
+0(1).
Since
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O
The integral needs to be simplified further by approximation of the
Beta function:
F'(n+ 1I'(2)

B(n + 1,2’) = m = F(z)n_z +0 (n‘z—1|z|2) ‘

This approximation is uniformly valid, for (|z|?) = o(n) (Tricomi
and Erdélyi 1951, Fields 1970).
For < 0 and any strictly positive function f(n) € w (1) we have

/ B(n,z +1y)|dy = O (n—ﬂn)(g—e)_x) .
!

(n)Inn

For constant = ¢ {0, —1,—2,...} we have

/_00 B(n,z +w)|dy =0 (n™).
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We are left with

1 —&4100 1 D+1
) = — / _— ( P ) T(2)n=dz,
' 2 ) ¢ poo 0T TP =1 \07F T — ¢

which we can evaluate by the residues to the right of R(z) = —¢
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Residues in the complex plane

. 1—q
O Residues of 1
6 —q

1
oL

x Residues of

X Residues of I'(z)

x

Real values depend on q
—

X

x

X
—GT@—@—<A——e——@—0—0——@——@—0—0——@——@
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The residues at R(z) = —1, A,,, and the starting terms cancel out.

[ res [g(z),z —1+2mk] -l-n(l-l—?)—An:O(l).

Ino
kEZ
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Highest Order Term

We consider D, q, p, o constant, the residues at z = 0 and at

R(z) = —log, g — 1 yield a multi-index sum of which we look at
the term of highest order.

If ¢ = o1, this term is

otherwise, this term is

(]‘ - q)D log q+1 2mk 271-1]{:
~ Dot 108 ™) D n weT (—log,q—1+7—).
kez
Note that |y n ooy~ 5 17 82| Z 0 (1).
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Assume D + 1 = clog, n, we can bound the integral by

€e,q.6
N
e

™~

p
1 R
I(?S%ncoga s +€‘
k) 0‘_ —_
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Residues in the complex plane (2)

x ©
. @ | D+1
: ¢ O Residues of ( —?)
x @ 1(5_2_ Lq
) @ * Residues of — ——
X © " -1
) z x Residues of I(z)
<o
< e
o
< -
Minimum depends « o  Real values depend on g
onqandc x ) .
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Sublinear behavior for ¢ < p

If the exponent &, ¢ has a minimum £* < 1, we are either left
with a term O (n€) or we evaluate the remaining residues. This is
the case if ¢ < p.

For £* < 0 we have an additional residue for the Gamma function
at z =0, but it is o(n) for D + 1 = clog, n.
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Outlook

@ Search bounded in multiple parameters.
e For (very) small D the method might be used to estimate the
complexity for Edit Distance.

@ Extension to indices with look-up time linear in the size of the
pattern. The average size should behave similar (i.e.,
O (npolylog(n))).

Moritz G. MaaB: l: x
m Average-Case Analysis of Approximate Trie Search =} = =



Outline

Introduction
o]

Related Work
o]

Main Results Basic Analysis Asymptotic Analysis Summary
00000 [e] o] 0000000000 o]
000 [e]e] 000000
000 000

Thank you!

Average-Case Analysis of Approximate Trie Search
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